Abstract. We use the Cartan representations of SO(3) and SU(3) , and an irreducible 14-dimensional representation of Sp(3) to construct certain totally geodesic submanifolds in "skew" position in the complex quadric, the complex 2-Grassmannians, and the quaternionic 2-Grassmannians.
Introduction
There are three infinite series of irreducible, simply connected rank 2 Riemannian symmetric spaces of compact type, namely the complex quadrics Q m = SO(m + 2)/SO(2) × SO(m) (which are isomorphic to the real Grassmannians of oriented, real 2-planes G + 2 (R m+2 ) ), the Grassmannians of complex 2-planes G 2 (C m+2 ) = SU(m + 2)/S(U(2) × U(m)) and the Grassmannians of quaternionic 2-planes G 2 (H m+2 ) = Sp(m + 2)/Sp(2) × Sp(m) . Q m is a Hermitian symmetric space. G 2 (C m+2 ) has both a Hermitian and a quaternion Hermitian structure, and the two are compatible with each other. G 2 (H m+2 ) admits neither a Hermitian nor a quaternion Hermitian structure. Additionally to these three series, there is a finite number of other rank 2 Riemannian symmetric spaces, which we will not consider here.
When one studies the geometry of a Riemannian symmetric space, one point of significant interest is the study of its totally geodesic submanifolds. In the rank 2 Riemannian symmetric spaces of compact type, the totally geodesic submanifolds have been completely classified by the author in [2] , [3] , [4] . Most of the totally geodesic submanifolds found in the classification are those that one would expect from the structure of the root system of the respective symmetric space, and it is not too difficult to write down totally geodesic, isometric embeddings for them explicitly, see [5, Section 2] .
However it turns out that the 2-Grassmannians are also contain certain totally geodesic submanifolds of rank 1 of low dimension in a "skew" position, which are more unexpected in the sense that their existence is, perhaps, less obvious from the root diagram of the ambient space. They are
• a 2-sphere S 2 in Q m for m ≥ 3 , which is maximal for m = 3 , denoted by type (A) in [2, Theorem 4.1];
• a complex projective space CP 2 in G 2 (C m+2 ) for m ≥ 4 , which is maximal for m = 4 , denoted by type (P, ϕ = arctan( • a quaternion projective space HP 2 in G 2 (H m+2 ) for m ≥ 5 , which is maximal for m = 5 , denoted by type (P, ϕ = arctan(
They have a "skew" position in their ambient space in the sense that the 2-sphere in the Hermitian symmetric space Q m is neither complex nor totally real, and the CP 2 in G 2 (C m+2 ) is neither complex nor totally real with respect to the Hermitian structure, and it is neither quaternionic, nor totally complex nor totally real with respect to the quaternionic Hermitian structure. The "characteristic angle" of the tangent vectors to these totally geodesic submanifolds (referring to the position of these vectors in the Weyl chamber of the ambient rank 2 symmetric space, see [6, Section 3] ) equals ϕ = arctan( 1 2 ) , a value that does not occur for any other totally geodesic submanifolds. Unlike for other totally geodesic submanifolds of the rank 2 symmetric spaces, in these cases it is not immediately clear from the description of the tangent spaces of the totally geodesic submanifolds (in [2, Theorem 4.1, Type (A)] and [3, Theorem 5.3, Type (P, ϕ = arctan( 1 2 ), (K, 2))]) how a corresponding totally geodesic, isometric embedding can be constructed in a geometrically meaningful way. It is the purpose of the present note to describe such embeddings, and thereby to explicate the extrinsic geometry of these "skew" totally geodesic submanifolds.
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2 A totally geodesic 2-sphere in the complex quadric Let V be a complex linear space of dimension m + 2 , where m ≥ 1 , equipped with a positive definite Hermitian product, which we denote by H( · , · ) . For z ∈ V \ {0} we denote by [z] := Cz the complex line through z and the origin. CP(V ) := [z] | z ∈ V \{0} is called the complex projective space over V ; it can be made into a (m + 1)-dimensional Hermitian symmetric space of rank 1 isomorphic to CP m+1 = SU(m + 2)/S(U(1) × U(m + 1)) in the usual way. If we carry out this construction with different Hermitian products H , we obtain isometric complex projective spaces. Now suppose that a non-degenerate, symmetric, complex-bilinear form β : V × V → C is given. We say that β is compatible with the Hermitian product H , if the anti-linear map A : V → V determined by the equation H(v, Aw) = β(v, w) for v, w ∈ V is a real structure on V , i.e. if A is an involutive, anti-holomorphic isometry of (V, H) . If β is compatible with H , we call the complex hypersurface
is a Hermitian symmetric space of rank 2 isomorphic to Q m = SO(m + 2)/SO(2) × SO(m) . If we carry out this construction with different symmetric bilinear forms β which are compatible with H , we obtain isometric complex quadrics.
We want to construct a certain 2-sphere M ∼ = SO(3)/SO(2) , which is a maximal totally geodesic submanifold in 
is a Hermitian product on V , and the symmetric bilinear form
is non-degenerate and compatible with H . For B ∈ SO(3) and X ∈ V , we have BXB −1 ∈ V , therefore we obtain the 5-dimensional representation of SO (3) SO (
which is called the Cartan representation. It leaves the Hermitian product H and the real structure V → V, X → X invariant, therefore it is an orthogonal, real representation of SO(3) . Because it moreover leaves the bilinear form β invariant, it induces an isometric action of SO(3) on the 3-dimensional complex quadric . Then M is as a homogeneous space isomorphic to SO(3)/K . In the following paragraph we will show that K is isomorphic to SO(2) , and therefore M is isomorphic to SO(3)/SO(2) = S 2 . Proof that K ∼ = SO(2) . For given B ∈ SO(3) we have B ∈ K if and only if BZ 0 B −1 = λZ 0 for some λ ∈ S 1 . If we denote by e 1 , e 2 , e 3 the standard unit vectors of R 3 , we have
Therefore the condition BZ 0 B −1 e 1 = λZ 0 e 1 implies Be 1 ∈ span{e 1 } and therefore (because B is orthogonal) Be 1 = εe 1 for some ε ∈ {±1} . Again because B is orthogonal, and det(B) = 1 holds, it follows that there exist r, s ∈ R with r 2 + s 2 = 1 so that Be 2 = re 2 + se 3 and Be 3 = −εse 2 + εre 3
holds. From the condition BZ 0 B −1 e 2 = λZ 0 e 2 one now obtains by a straightforward calculation λ = ε (r − is) , and then another calculation from the condition BZ 0 B −1 e 3 = λZ 0 e 3 = ε(r − is)Z 0 e 3 gives ε = 1 . Hence
holds. This shows that K ∼ = SO (2) . ✷ It remains to show that M is a totally geodesic submanifold of Q(V, β) which has the "skew" position of type (A) in [2, Theorem 4.1] as described in the Introduction. To show that M is totally geodesic in Q m , we consider the Lie group homomorphism induced by the Cartan representation:
We need to show that the linearisation of Φ
respects the Cartan decompositions of the symmetric spaces M and Q(V, β) . The Lie algebra of the transvection group of M is so(3) (i.e. the space of skew-symmetric, real (3 × 3)-matrices), and its Cartan decomposition is given by
The Lie algebra of the transvection group of Q(V, β) is so(End 0 + (R 3 )) , i.e. the space of skew-adjoint linear maps on the 5-dimensional real linear space End 0 + (R 3 ) equipped with the inner product given by the real part of H . We consider the splitting End
note that dim(W 1 ) = 2 and dim(W 2 ) = 3 holds. The Cartan decomposition of Q(V, β) is then given by so(End
Because Φ induces a well-defined action on Q(V, β) , it is clear that Φ * k ⊂ k holds, and we need to show that also Φ * m ⊂ m holds. For this purpose, let Y ∈ m be given. Then there exist t, s ∈ R so that
holds. An explicit calculation shows that for X ∈ W 1 , say
Similarly, for X ∈ W 2 , say X = This shows that Φ * Y ∈ m holds. Therefore M is a symmetric subspace, hence a totally geodesic submanifold of Q(V, β) . It follows that for any X ∈ m , the curve γ(t) := exp(tX) Z 0 exp(tX) −1 in S(V ) projects to a geodesic of Q(V, β) starting in [Z 0 ] and running entirely in M , and every such geodesic is obtained in this way. We haveγ(0) = X Z 0 − Z 0 X , and therefore 
. These equations show that both vectors Y 1 and Y 2 have the "characteristic angle" ϕ = arctan( 
A totally geodesic CP 2 in the complex 2-Grassmannian
Again let V be a complex linear space of dimension m + 2 , where m ≥ 2 , equipped with a positive definite Hermitian product H( · , · ) . We denote the set of complex planes (2-dimensional complex linear subspaces of V ) by G 2 (V ) . G 2 (V ) is called the complex 2-Grassmannian over V . It is well-known that the Hermitian product H induces the structure of a Riemannian manifold on G 2 (V ) ; in this way, G 2 (V ) becomes a Hermitian symmetric space that also carries the structure of a quaternionic Hermitian symmetric space compatible with the other structures. It is of complex dimension 2m (real dimension 4m ), and as a symmetric space of compact type and rank 2, isomorphic to SU(m + 2)/S(U(2) × U(m)) .
We want to construct the totally geodesic CP 2 in G 2 (C 6 ) which is of type (P, ϕ = arctan( (2)) and G 2 (C 6 ) is isomorphic to SU(6)/S(U(2)×U (4)) , we need a suitable unitary representation of SU(3) on a complex-6-dimensional complex linear space V that descends to an action on G 2 (V ) . This purpose is again filled by the Cartan representation of SU(3) .
Let V := End + (R 3 )⊗C be the 6-dimensional complex linear space of symmetric (not self-adjoint!) (3 × 3)-matrices, which we again equip with the non-degenerate Hermitian product
For B ∈ SU(3) and X ∈ V we have BXB t ∈ V , and thus we again have the Cartan representation
This representation is unitary with respect to H ; indeed, for B ∈ SU(3) and X, Y ∈ V we have
Note that unlike the Cartan representation of SO (3) we used in Section 2, the Cartan representation of SU (3) does not leave the trace of members of V invariant; this is the reason why we cannot restrict to trace-free matrices here. The Cartan representation of SU (3) induces an isometric action of SU(3) on the 2-Grassmannian Let M be the orbit through Z 0 of the isometric action of SU(3) on G 2 (V ) induced by the Cartan representation, and let K ⊂ SU(3) be the isotropy subgroup of this action at the point Z 0 . Then M is as a homogeneous space isomorphic to SU(3)/K . We will show below that K is isomorphic to S(U(1) × U(2)) , and therefore M is isomorphic to SU(3)/S(U(1)×U(2)) ∼ = CP 2 . Analogous calculations as in Section 2 show that the Lie group homomorphism
induces a homomorphism of symmetric spaces, and therefore M is a symmetric subspace, hence a totally geodesic submanifold of G 2 (V ) . Moreover, one can calculate the tangent space of M like in Section 2, and from this calculation it follows that T p M has a 2-dimensional totally real subspace consisting entirely of vectors of "characteristic angle" ϕ = arctan ( 1 2 ) . Therefore the totally geodesic submanifold M of G 2 (V ) is of type (P, ϕ = arctan( (2)) . Let B ∈ SU(3) be given. (A 1 , A 2 ) is a unitary basis of Z 0 , and we have B ∈ K if and only if (BA 1 B t , BA 2 B t ) is another unitary basis of Z 0 . The latter condition means that there exist a, b ∈ C with |a| 2 +|b| 2 = 1 so that
holds. Let us write B = (b kℓ ) k,ℓ=1,2,3 . Then evaluating the preceding equations and comparing matrix entries gives that the following equations hold: Let V be a 2(m + 2)-dimensional complex vector space equipped with a Hermitian product H( · , · ) . A quaternionic structure on V is an anti-linear isometry J : V → V with J 2 = −id , and we call V a (m + 2)-dimensional quaternionic linear space if it equipped with a quaterionic structure J . By identifying the application of J with the multiplication with an imaginary unit quaternion j orthogonal to i ∈ C , V then indeed becomes a module over the skew-field of quaternions H , isomorphic to H m+2 . In this setting
is a non-degenerate, complex-valued symplectic form on V , and the group
is called the symplectic group over V ; its members are called the symplectic maps of V . We automatically have Sp(V ) ⊂ SU(V ) . A quaternionic plane in V is a complex-4-dimensional linear subspace of V that is invariant under J . As a H-module, it has the dimension 2 . The quaternionic 2-Grassmannian G 2 (V ) over V is the set of all quaternionic planes of V . As before, the Hermitian product H induces the structure of a Riemannian symmetric space on G 2 (V ) , it is of compact type and rank 2 , has real dimension 8m , and is as a symmetric space isomorphic to Sp(m + 2)/Sp(2) × Sp(m) . Note that on G 2 (V ) , there neither exists a compatible Hermitian structure, nor a compatible quaternionic Hermitian structure.
Here we want to construct the totally geodesic HP 2 in G 2 (H 7 ) that is of type (P, ϕ = arctan( 1 2 ), (H, 2)) as in [3, Theorem 5.3] . Because HP 2 is isomorphic to Sp(3)/Sp(1) × Sp(2) and G 2 (H 7 ) is isomorphic to Sp(7)/Sp(2) × Sp (5) , we need a suitable quaternionic representation of Sp (3) on a complex-14-dimensional linear space V , that descends to an action on the quaternionic 2-Grassmannian over V .
There is exactly one such representation of Sp (3) (3) on the three-fold exterior product 3 C 6 . It turns out that this 20-dimensional representation decomposes into two irreducible components V 1 and V 2 : One of them, say V 1 , is 6-dimensional, and equivalent to the vector representation of Sp(3) on C 6 ; the other, V 2 , is therefore 14-dimensional, and the representation that we seek.
To construct this representation explicitly, we equip C 6 with the quaternionic structure J : C 6 → C 6 characterized by Je 1 = e 4 , Je 2 = e 5 , Je 3 = e 6 , Je 4 = −e 1 , Je 5 = −e 2 and Je 6 = −e 3 , where e 1 , . . . , e 6 are the usual standard basis vectors of C 6 , and thereby with the associated symplectic form ω given by Equation (4.1). We consider the three-fold exterior product 3 C 6 of C 6 ; this is the 20-dimensional complex vector space with the basis
where the tri-linear map (
3 C 6 becomes a quaternionic linear space via the Hermitian product H characterized by
and the quaternionic structure given by J (3) . Note that for B ∈ Sp(C 6 ) = Sp(3) , we have B (3) ∈ Sp( 3 C 6 ) , and therefore we obtain a quaternionic representation of Sp(3) on
The contraction of 3 C 6 is the linear map κ :
κ is surjective, J-invariant (i.e. κ • J (3) = J • κ ) and Sp(3)-invariant; the latter property means that we have
Therefore V 1 := ker κ and
are complementary quaternionic subspaces of 3 C 6 with dim C (V 1 ) = 14 , dim C (V 2 ) = 6 , which are both invariant under the Sp(3)-action on 3 C 6 . The representation of Sp(3) on V 2 is equivalent to the "vector representation" of Sp (3) , i.e. to the natural representation of Sp (3) on C 6 . The representation of Sp(3) on V 1 turns out to be irreducible; it is one of the fundamental representations of Sp(3) , see [1, p. 271f.] . We will use this representation to construct the desired totally geodesic HP 2 in G 2 (V 1 ) . Note that V 1 has the quaternionic dimension 7 ; as a H-module, it is spanned by the following seven vectors: e 1 ∧ e 2 ∧ e 3 , Je 1 ∧ e 2 ∧ e 3 , e 1 ∧ Je 2 ∧ e 3 , e 1 ∧ e 2 ∧ Je 3 , e 1 ∧ e 2 ∧ Je 2 − e 1 ∧ e 3 ∧ Je 3 , e 2 ∧ e 1 ∧ Je 1 − e 2 ∧ e 3 ∧ Je 3 , e 3 ∧ e 1 ∧ Je 1 − e 3 ∧ e 2 ∧ Je 2 .
Clearly the quaternionic representation of Sp(3) on V 1 which we just described induces an action of Sp(3) on the quaternionic 2-Grassmannian G 2 (V 1 ) by isometries. Let ξ 1 := e 2 ∧ e 1 ∧ Je 1 − e 2 ∧ e 3 ∧ Je 3 and ξ 2 := e 3 ∧ e 1 ∧ Je 1 − e 3 ∧ e 2 ∧ Je 2 .
Then we have κ(ξ 1 ) = κ(ξ 2 ) = 0 and therefore Z 0 := span C {ξ 1 , J (3) ξ 1 , ξ 2 , J (3) ξ 2 } ∈ G 2 (V 1 ) . We let M be the orbit through Z 0 of the Sp(3)-action on G 2 (V 1 ) . Then M is as a homogeneous space isomorphic to Sp(3)/K , where K ⊂ Sp(3) is the isotropy group at Z 0 of the Sp(3)-action on G 2 (V 1 ) . One can show that K is isomorphic to Sp(1) × Sp (2) . Therefore M is as a homogeneous space isomorphic to Sp(3)/Sp(1) × Sp(2) ∼ = HP 2 . Similar calculations as in Section 2 again show that M is a symmetric subspace, hence a totally geodesic submanifold of G 2 (V 1 ) . Also in a similar way, the tangent space to M at Z 0 can be computed, showing by comparision with [3, Theorem 5.3] that the totally geodesic submanifold M is of type (P, ϕ = arctan( 1 2 ), (H, 2)) as in that theorem. The Cartan representations of SO(3) resp. SU(3) that we used in the constructions of Sections 2 and 3 can be recovered from the representation of Sp(3) on V 1 by appropriate restriction. In fact, if we restrict the representation of Sp(3) on V 1 to
